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Abstract - In the present paper, we introduce a Finsler
space which hv — curvature tensor satisfies the recurrence
property in sense of Cartan. The relationship between

hv - curvature tensor U, and Douglas tensor D}, have

h
been studied. We obtain the necessary and sufficient
condition for some tensors to be recurrent. Finally, the
recurrence property in a projection on indicatrix with
respect to Cartan connection has been discussed.
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I. INTRODUCTION

Finsler geometry is usually considered as a generalization of
Riemannian geometry. In fact, Riemann suggested a
possibility of studying a geometry more general than
Riemannian geometry. The definition for normal projective

tensor N}k and connection coefficients Hijk for it introduced

h

by Yano [11, 12]. The definition for Douglas tensor and some
types of it studied by Bacso and matsumoto [15]. Mishra and

Lodhi [7] discussed the properties C" —recurrent and C" —
recurrent Finsler spaces, Mohammed [5] and Hussien [14]
studied the recurrence property for Cartan’s second curvature
tensor and Cartan’s fourth curvature tensor, respectively. Alaa
et al. [2] obtained the necessary and sufficient condition for

some tensors to be recurrent in G (BP)— RF, . Additionally,
the BC —recurrent space introduced by Alaa et al. [3].

Alaa et al. [1] and Qasem and Abdallah [9] dicussed the
projection on indicatrix for some tensors which satisfy the
recurrence property with respect to Berwald connection,

Hanballa [4] studied the projection on indicatrix for some
tensors with respect to Cartan's connection.

Let F bean n—dimensional Finsler space equipped with the

metric function F(X,y) satisfying the request conditions
[10] .
The unit vector |'and the associative vector | with the

direction of yi are given by
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1) a)l' = V% and  b)l = % .

Cartan h — covariant differentiation (Cartan's second kind
covariant differentiation) with respect to x' is given by [10]
Xi=0,X"=(6, X")G/ +X'Ty.

arbitrary  vector field x', theh—covariant

differentiation with respect to x' which defined above,
commute with the partial differentiation with respect to y/
according to

(1.2) BJ. (X\: )_(8ixi)“ =X (3jr*rik)_(3rxi)|:>jlf,

*r

where Pr = (0T ) y" =T, y".

For an

The h— covariant derivative of the vector yi and the metric
function F are vanish identicallyi. e.
(1.3) a) Y, =0andb)F, =0.

Il. PRELIMINARIES

In this section, we introduced some definitions which be
needed in this paper.

The normal projective tensor N }kh is defined as follows [12]

N}kh = ajHLh +HirthI:s y® +lehH|:j —-k|h,
where

i i 1 i i
HM:GM_H:ﬂ@G%+yGMJ

i - i
and [Ty, =01,
H'jkh consider the components of a tensor.
The normal projective connection coefficients H'jk is

positively homogeneous of degree zero in yi and symmetric in
their lower indices is defined by [12]

1) IT, =G} —y'Gj,.
where G}k = 5J- G, .

Yano denoted for the tensor Hijkh by U;k
by [12]

, Which is defined

(22)U ;kh = G;kh (5;Gjrkr + inJ’rkhr)

_n+1
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23) G

- r
jkhr _816

khr

where G;kh consider a connection of the curvature tensor U ;kh :

This tensor is homogeneous of degree —1 in yi and
symmetric in its last two indices, i.e.
U;kh :U;hk'
Also, this tensor satisfies the following
(24) aU; =U, =G}, bU,y =0
and ¢) Ul y" =U,,y" =U],
where the torsion tensor U }k satisfies
25 aU,=U,, bU, =G,
i k i,k i
and c)U,y =Uyy =G|,

where the tensor G' is deviation tensor which be

i
homogeneous of degree 1 in yi and satisfy
(26) Gy' =2G',
where G'is positively homogeneous of degree 2 in yi .
The U —Ricci tensorU , satisfies the following [10]

2

b)ujk:n—HG

where the tensor G, is components of the projective

(27 aU, =U, and

ik

connection coefficients.
The Douglas tensor is given by [6, 15]

(2.8) D, =U!, —%(5;Ukh +3U,,).

Which satisfies the following

(29) Dj,y' =Dy’ =D,y =0.

Definition 2.1 Let the current coordinates in the tangent space
at the point X, be X', then the indicatrix 1, _, is a

hypersurface defined by [1, 16]
F(X0 , Xi)zl or by the parametric form defined by

X' =X (u'“‘), a=12...,n-1.

Definition 2.2 The projection of any tensor T].i on indicatrix
I, ,isgivenby[1, 4]

(2.10) p . T/ =T hih;,

where

211) hi=4 -1,

The projection of the vector y', the unit vector I"and the

metric tensor g; on the indicatrix are given by [13]
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p.y' =0, pl' =0

where hij =0 —I

and p.g; =h

ij !

1.
I1l. U" —-RECURRENT SPACE

In this section, we introduce a Finsler space which U;kh be

recurrent in sense of Cartan. Also, we find the condition for
some tensors which satisfy the recurrence property.

Definition 3.1 A Finsler space F which the tensor U}kh
satisfies the recurrence property, i.e. characterized by
(3.1)U;kh“ = j-|U;kh ’U;kh #0,

will be called aU" —recurrent space and denoted for it briefly
byU" —RF,, where 4, is the recurrence vector.

Let us considera U" — RF, .

Transvecting (3.1) by y', using (1.3) and (2.4c), we get
32 U, =AU,.

il
Contracting the indices i and J in (3.1) and using (2.7a), we
get

3.3) Ukh|l =AUy,

Contracting of the indices i and h in (3.1), then in view of
(2.4a), we get

(34) Gjrkru = ﬂlGjrkr :
Contracting the indices i and K in (3.2) and using (2.5b), we
get

(3.5) GjrrII =ﬂ16j'r.

In view of (2.7b) and (3.3), we get

(36) Gkhu =4G,, .

Transvecting (3.2) by y" , using (1.3) and (2.5c¢), we get

87 G}, =4G;.

Transvecting (3.7) by yj , using (1.3) and (2.6), we get

38) G, =4G".

From previous equations, we can conclude

Theorem 3.1 Thetorsion tensor U, , U —Ricci tensorU,, ,

tensorGjrkr, torsion tensor G; , Ricci tensor G, , deviation

kh ?
tensor G} and curvature vector G'behave as recurrent in
U"-RF,.

Differentiating (2.8) covariantly with respect to X' in the
sense of Cartan, we get
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i 1 i
(3.9) Djkh|l =U, jkhit 2 (5 UkhII + 5kU jhi ) '

Using (3.1) and (3.3 in (39, we get

DM,:A{U%—%(&UW+QUW».
Using (2.8) in above equation, we get
(3.10) Dj,, =A4Dy,.
Thus, we conclude

Theorem 3.2 InU"—RF,,

recurrent.

i -
the Douglas tensor D, is

If the Douglas tensor D!, and U —Ricci tensor U, are

jkh
recurrent in Finsler space, then this space is necessaryto be
U" —RF, . This will be seen as follows:

Equation (3.9) can be written as

(311) U},, = D! (5u +5U,,).

Jkhl thII i khll

From (3.10) and (3.3), we have the Douglas tensor leh and

U —Ricci tensorU , behave as recurrent, then above equation
become as

i 1 i i
Ul =4 DM+2(qum+qum).

Usmg (2.8) in above equation, we get
th|| ﬂ1U jkh "

Thus, we conclude

Theorem 3.3 In Finsler space F_,

U —Ricci

necessarilyconsideredU" — RF. .

if the Douglas tensor and

tensor are recurrent, then this space is

Differentiating (3.4) partially with respect to yh , We get

0 ijr|l =( hﬂ'l)G +4 (8 ijr)

Using commutation formula exhibited by (1.2) for Glkr
(2.3) in above equation, we get
Gr _Gskr (a I"*s) Gjrs;r (ah 1";5)

jkhr]l

G. P

sjkr

= (ahﬂ'l) jkr +ﬂ16]khr .
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1
th|| n + (5 ijr|l + y G]khr\l )

Using (3.1) in above equation, then using (2.2), we get
1

G;khll n +1ﬂ| (5 Gjrkr +Yy ijhr) n+ (5 Gjrkru + yIGjrkhr\I )
= ﬂ'IG}kh .

Using (3.4) and (3.12) in above equation, we get

(3 14) ijh\l %ijh

From equation (3.12) and (3.14), we get

Theorem 3.4 The tensors G, and G;kh in U"-RF,

behave as recurrent if and only if (3.13) holds.

U, =G

jkhll

IV. PROJECTION ON INDICATRIX IN SENSE OF
CARTAN

In this section, we prove that, if the tensors behave as
recurrent, then the projection of them are recurrent U" — RF, .

Also we find the condition for the projection of some tensors
on Indicatrix be recurrent.

Let us consider aU" — RF. .

We know that, the curvature tensor U' behaves as recurrent

jkh
i.e. satisfies (3.1). Now, in view of (2.10), the projection of the

curvature tensor U‘. on indicatrix is given by

4.1) pU,, =U; hhhh.

bed” a’'j
Taking covariant derivative of (4.1) with respect to X' in sense

of Cartan, using (3.1) and the fact that h;“ =0, we get

(pUM)—lU hih®heh? .

bed”a’ 'j 'k h

Using (4.1) in above equation, we get
(4.2) (pUth) m(p'U}kh)'
Thus, we conclude

Theorem 4.1 If the curvature tensor U;kh behaves as

recurrent, then the projection of itin U" — RF on indicatrix is

recurrent in sense of Cartan.

Therefore We know that, the torsion tensor U }k behaves as recurrent
3.12) ijhr\l /11G1khr i.e. satisfies (3.2). In view of (2.10), the projection of the
if and only if torsion tensor U, on indicatrix is given by
(3 13) Gskr (ah 1—‘JIS) Gjrsr (ah Iﬂkls) ( hﬂl ) jkr (43) pU Ub h h hC
C a J
+G " Phl =0. . . . . . 1.
sikr Taking covariant derivative of (4.3) with respect to X' in sense
. - . ] - .
Differentiating (2.2) ?ovarlantly with respect to X in the of Cartan, using (3.2) and the fact that h;“ =0, we get
sense of Cartan and using (1.3), we get
( ) ﬂ’lubc hah] hkC
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Using (4.3) in above equation, we get

44  (pUj) =4(PU).

Thus, we conclude

Theorem 4.2 If the torsion tensor U}k behaves as recurrent,

then the projection of itin U" — RF on indicatrix is recurrent
in sense of Cartan.

We know that, the U —Ricci tensor U, behaves as recurrent
i.e. satisfies (3.3). In view of (2.10), the projection of the U —
Ricci tensor U, on indicatrix is given by

4.5) pU, =U_hh’.
Taking covariant derivative of (4.5) with respect to X' in sense

of Cartan, using (3.3) and the fact that h;“ =0, we get

ap b
( pU,, )|| =AU, hh
Using (4.5) in above equation, we get
46) (pU,,), =AU hhy.
Thus, we conclude
Theorem 4.3 If the U —Ricci tensor U, behaves as

recurrent, then the projection of itin U" — RF on indicatrix
is recurrent in sense of Cartan.

We know that, the Dougles tensor D}, behaves as recurrent

i.e. satisfies (3.10). In view of (2.10), the projection of the
Dougles tensor D}kh on indicatrix is given by

(4.7) p'D;kh = Dt?cd h;h:)hkch: :
Taking covariant derivative of (4.7) with respect to X' in sense

of Cartan, using (3.10) and the fact that h;“ =0, we get
(p.Dj, )“ =2 D2 h'h°h°h’

bed @’ 'j k h "

Using (4.7) in above equation, we get
(48 (pDj,), =4(p.Dj,).
Thus, we conclude

Theorem 4.4 If the Douglas tensor D!  behaves as

jkh
recurrent, then the projection of itin U" — RF, on indicatrix

is recurrent in sense of Cartan.

We know that the projection of the curvature tensor U;khon
indicatrix behaves as recurrent i.e. satisfied (4.2).
Using (2.10) in (4.2), we get
a ipbaClad a ipbClad
(chd hahj hk hh )u =21Udehahj hk hh :
Using (2.11) in above equation, we get
U —U I —U L + U LI, —U,

bkh

b
1°l,
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+U!

by rer d
» LI,

a qi a pip pd a pig ¢ a pig gcp 9
UL AU L UL LI, —U2 VLI,
FUZPLIPE =U2 PLIPLIL U2 PLIPLEL U2 PLIPLICLICL)

bkh' ‘' U bkd' 'a' 'j' Th beh' al il Tk bed' fa' Tj' k' Th /g

_ i a pd i jc i gecp d i b

_A1(Ujkh _Ujkdl Ih _chhl Ik+chd| Ikl Ih _Ubkhl Ij
i by pd i pbpqc i by rep 1d
HUL LI AU LT, — U PLIL

a qpi a pi d a jpi c a jpi cy gd
U L AU L UL LI, —U2 UL,

a pi b a jqi by pd a pi by jc a jqi by jc d
FULILIE —UR LI —US FLIPLIL + U2 UL, )

bch bed

by pd i qb i
1°L1°L, + UL 1L~V

bch bed

Using (1.1a) in above equation, then using (2.4b) and (2.4c) in
the resulting equation, we get

. 1 1 1
u,-—ul-—U.l+—GllI

jkh F jkh jh 'k Fz j k'h

S R 1 .
'+ ZURILL + ZUSELL = GTLLL),

2

-y?

jkh

) 1 1 1 .
=AU, -—U |l ——U | +—GlI

| jkh jk'h jh 'k 2 j k'h
F F F

i 1 ayi 1 aiyi 1 aypi
M+ 2 ULl + USRI —— GITLLL)

k a'k'h

-y

jkh
Now, since the tensorsU}k and G} are recurrent, i.e. satisfy
(3.2) and (3.7), respectively. Then by using (1.1) and (1.3) in
above equation, we have

(4.9) (u;kh—ufkhlila)“=z1(u}kh—u;h|i|a).

Thus, we conclude
Theorem 45 If the

(U ;kh -U ?khlila) on indicatrix is recurrent, then the space is

projection of the tensor

U"—RF,, provided U, and G; are recurrent in sense of
Cartan.

From (4.9), we can get
Corollary 4.1 InU" — RF_, the projection of the tensor U}kh

on indicatrix is recurrent, if and only if Uf‘khla is recurrent.

We know that the projection of the torsion tensor U;k on

indicatrix behaves as recurrent i.e. satisfied (4.4).
Using (2.10) in (4.4), we get

a i b C a i jabac
(Uzhihoh; )|I = AUZhh°h .

Using (2.11) in above equation, we get
U —ULIL —UL L +U PLIFL —USTL + UL,
+Ulf‘klilalblj —U;‘clilalbljl°lk)II
=/11(U}k —U;CICIk —U;klblj +U;CI'°IJ.I°Ik —Ujaklila +UjaCIiIaI°I
+Ubaklilalblj —chlilalbljlclk).

k
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Using (1.1a) in above equation, then using (2.5¢) and (2.6) in
the resulting equation, we get

i 1 i 1 i l i c ajyi
U}~ Gl == Gl + 5 G, ~USI,

1 ayi 1 api 1 ayi
+Z G+ — Gl — GILLL),

Col 11 _
=AU -Gl Gl + S G1I, ~ULI,

ajk

ayi ayi l api
+GIIL+ G = GULIL).

Now, since the tensors G; and G' are recurrent, i.e. satisfy
(3.7) and (3.8), respectively. Then by using (1.1) and (1.3) in
above equation, we have

(4.10) (U} -U;l 'a)u =4(Uj -U;Il,).

Thus, we conclude

Theorem 4.6 If the projection of the tensor (U}, —~UI'l, )on
indicatrix is recurrent, then the space is U" — RF. , provided

G; and G'are recurrent in sense of Cartan.

From (4.10), we can also conclude
Corollary 4.2 In U" —RF,, the projection of the torsion

a

tensor U;k on indicatrix is recurrent, if and only ifU |, is
recurrent.
We know that the projection of the U —Ricci tensorU,, on

indicatrix behaves as recurrent i.e. satisfied (4.6).
Using (2.10) in (4.6), we get

(Uabhl?h: )“ = &Uabh;h: "

Using (2.11) in above equation, we get

(Up —U I =U 1L +U L)

I
=2 (U —U Il —U Il +U 1L ).

Now, in view of (1.1) and ifU, y* =0=U_ y*, then above
equation becomes

Uy =AY,

Thus, we conclude

Theorem 4.7 InU" —RF, if the projection of the U —Ricci
tensorU . on indicatrix behaves as recurrent, then the U —
Ricci tensorU , also behave as recurrent, provided Up,y” =
0="U,,y%
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V. CONCLUSION

We obtained the relationship between some connection
coefficients for different tensors, we proved that the Douglas
tensor satisfies the recurrence property. Also, we discussed the
projection on indicatrix in sense of Cartan for some tensors

which behaves as recurrent inU" — RF., .
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